R. Baer [l] has established relationships between maximal subgroups and minimal normal subgroups. We note here some applications of these relationships if a group has a solvable maximal subgroup.
All groups considered are finite. If H is a subgroup of a group G, we denote the centralizer of H in G, the normalizer of H in G and the largest normal subgroup of G in H by C(H), N(H) and core(P), respectively. The identity of G will be denoted by 1, and the order of Gby|G|.
Theorem.
Let G be a group containing a solvable maximal subgroup S and a non-Abelian minimal normal subgroup M. Then
(1) C(M) and core(5) are both equal to the intersection of all solvable maximal subgroups of G, (2) S is not normal in G, For the remainder of the proof, suppose 5 is nilpotent. The first assertion of (5) follows from proving in the same manner as for (1) that C(Af) is the intersection of all nilpotent maximal subgroups of G. If a group G has a nilpotent maximal subgroup whose 2-Sylow subgroup is Abelian, then G is solvable [2, p. 281] . But M is not Abelian, so the 2-Sylow subgroup P of 5 is not Abelian.
Suppose additionally that core(5) = 1. Then 5 must be a Hall subgroup of G, since otherwise It follows that P, the 2-Sylow subgroup of S, is a non-Abelian 2-Sylow subgroup of G. Finally, as before, S=N(P) or P is normal in G; in the latter case P = J, JQcore(S) and S* is Abelian, a contradiction.
This completes the proof of (5) and the theorem.
Remark. It follows that if a non-Abelian simple group G has a nilpotent maximal subgroup S, then 5 is a non-Abelian 2-Sylow subgroup of G. This fact is an immediate consequence of Thompson's normal p-complement theorem in J. Algebra 1 (1964), 43-46.
